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0. INTRODUCTION 
In this note we discuss strictly singular and nearly weakly compact 
operators. The latter concept is a slight generalization of the notion of 
an almost weakly compact operator as defined by R. H. HERMAN [4]. 
We deduce a condition to the extent that a continuous linear integral 
operator from one Banach function space into another is strictly singular. 
In doing so we consider the concepts of almost reflexiveness and nearly 
weak compactness. Finally we’investigate the connection between these 
concepts and the concept of a o(L,, L,‘) compact operator. (For definitions 
see the subsequent sections). 
1. BANACH FUNCTION SPACES 
Let X be a non-empty point set and ,u a countably additive, non-negative 
measure in X, such that (X, ,Z’, 1~) is a o-finite measure space. Let J$ denote 
the set of all p-measurable complex functions on X, and Q a function 
norm defined on M. Throughout this note we assume that Q satisfies 
the following conditions : 
a) Q has the weak Fatou property ([9], p. 446 or [7]), 
b) Q is satured ([9], p. 454). 
These hypotheses on Q imply that the space L,, consisting of all f E M 
such that e(f) < 00, is a complete normed space i.e., L, is a Banach space. 
For a given saturated function norm e we introduce the associate norms 
e(n) (n=l, 2, . ..) by defining @)=Q and, for f E M, 
e’“’ (f ) = sup {Jx Ifs [dp : e’“-l’(s) < 1, g E M}. 
We note that $2) QQ, Q( n+2) =Q@) for all n> 1 and Q(“) are function 
norms having the Fatou property. We denote L,,=LQtl, also by Ll and 
we recall that Li C L,*, where Lz is the space consisting of all bounded 
linear functionals on L,. We assume further that p(X)>O. From this 
and the fact that Q is saturated and that ,u is o-finite it follows that there 
exists an L,-admissable sequence 
(7~) : X, f X of measurable subsets of X. ([9]) 
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A function f E L, is said to be of absolutely continuous norm whenever 
&s,f ) 4 0 for every sequence E, (n = 1, 2, . ..) of measurable subsets of X 
such that E, $ 4. The set Li of all functions f E L,, which are of absolutely 
continuous norm, is a closed linear subspace of L,. If L, = LB” we shall say 
that Q is an absolutely continuous norm. The subset S C Lz is said to be of 
uniformly absolutely continuous norm whenever, given any E > 0 and any 
sequence of measurable sets E, C X with E, 4 4, there exists an index I? 
such that ~(xx,j) < E for all n>N and for all f E S simultaneously. 
2. INTEGRAL OPERATORS 
Let ,ui and ~2 be u-finite measures in X and Y respectively and assume 
that &, =L, (X, p i and L,, (Y, ,UZ) are Banach function spaces of the ) 
kind introduced in paragraph 1. Let T be a linear operator on Le2 into LPI. 
We call T a linear integral operator if there exists a (,ui x ps)-measurable 
function T(x, y) such that for all f E LQg we have 
Tf = SY T(x, Y) f(y) d,m E LPI. 
We shall say that T(x, y) is the kernel of the operator T. 
3. STRICTLY SINGULAR INTEGRAL OPERATORS 
Strictly singular operators were introduced by T. KATO [5] as a generali- 
zation of compact operators. He proved that the Riesz-Schauder theorem 
is valid for the spectrum of a strictly singular operator on a Banach space. 
Since the Riesz-Schauder theory is of such great importance in the theory 
of non-singular linear integral equations [2], it is important to know 
under which conditions integral operators will be strictly singular. 
As usual we denote the weak topology generated in L, by the subset 
N C Lz by o(L,, M). The subset S C L, is said to be o(L,, M) sequentially 
compact whenever every sequence in S contains a subsequence which is 
a(L,, M) convergent to an element of S. If it is only required that the 
subsequence converges to an element of L,, then S is said to be conditionally 
o(L,, M) sequentially compact. 
DEFINITION 3.1. A continuous linear operator T : V + W( V, W Banach 
spaces) is said to be strictly singular whenever T satisfies the following con- 
dition: If T, restricted to a closed subspace N of V has a bounded inverse, 
then N is finite dimensional, i.e., T does not have a bounded inverse on any 
infinite dimensional closed subspace of V. 
The following result is essentially due to R. J. WHITLEY [S]. For a proof 
we refer to ([l], 111.3.4.) 
THEOREM 3.2. Let T : V --f W be a weakly compact operator. If T maps 
weakly convergent sequences onto norm convergent sequences then T is strictly 
singular. 
This result has been generalized in two directions; namely by R. H. 
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HERMAN [4] who introduced the concept of an almost weakly compact 
operator, and by E. LACEY and R. J. WHITLEY [6] who introduced the 
concept of an almost reflexive Banach space. 
DEFINITION 3.3 (Herman). A continuous linear operator T : V -+ W 
is said to be almost weakly compact if, whenever T has a bounded inverse on 
a closed subspace M of V, M is reflexive. 
Every weakly compact operator and every strictly singular operator 
is almost weakly compact. 
DEFINITION 3.4 (Lacey and Whitley). A Banach space Z is almost 
refEexive if every norm bounded sequence in Z contains a weak Cauchy sub- 
sequence. 
We can summarize their results in the following theorem. 
THEOREM 3.5. Let T : V --f W be a continuous linear operator with the 
property that T maps weakly convergent sequences onto norm convergent 
sequences. Then T is strictly singular if either 
a) T is almost weakly compact (Herman) or 
b) V or W is almost reflexive (Lacey & Whitley) 
In the case that V is almost reflexive, then T is even compact. 
We now generalize the concept of an almost weakly compact operator. 
DEFINITION 3.6. A continuous linear operator T : V + W is said to be 
nearly weakly compact if, whenever T has a bounded inverse on a closed 
subspace M of V, M is almost reflexive. 
We note that if V or W is almost reflexive, then every continuous linear 
operator T : V + W is nearly weakly compact. The following slight 
generalization of theorem 3.5 still holds. 
THEOREM 3.7. A continuous linear operator T : V -+ W which is nearly 
weakly compact and maps weakly convergent sequences onto norm convergent 
sequences is strictly singular. 
PROOF. Let T have a bounded inverse on a dosed subspace M of V. 
Since T is nearly weakly compact M is almost reflexive. To prove that 
M is finite dimensional, we have to show that the set S= (x E M : llx/l< l} 
is conditionally sequentially compact. M is almost reflexive and hence 
every sequence {xn} in S contains a weak Cauchy subsequence {XI,,}. 
This implies that 
converges weakly to zero for every subsequence (~1~~1 of {xI~}. We also 
have that T maps weakly convergent sequences onto norm convergent 
sequences, and so {Txllai-Txlnl+,} converges in norm to zero for every 
subsequence {xlni} of {xI~), i.e., {Tx~,} is a Cauchy sequence in W. Since 
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W is complete, {TxI~} is then a norm convergent sequence. From the 
assumption that T has a bounded inverse on M it follows that (xrn} 
converges in norm. Hence S is conditionally sequentially compact. 
This proof is entirely analogous to Herman’s proof of theorem 3.5. 
We use the above theorem to obtain a sufficient condition for a continuous 
linear integral operator from one Banach function space into another to be 
strictly singular. Since Banach function spaces are in general not weakly 
sequentially complete, it is easier to apply theorem 3.7 than theorem 3.5. 
LEMMA 3.8. Let S C Li be a conditionally o(L,, Li) sequentially compact 
subset. Then erery sequence in S contains a weak Cnuchy subsequence. 
PROOF. Since S is conditionally a(L,, Li) sequentially compact, every 
sequence {fn} in S contains a subsequence {/I~} which is a(L,: Li) con- 
vergent to an element of L,. This implies that (/I~} is a a(L,, LJ Cauchy 
subsequence of (fla}. Thus (/I%, g) is a numerical Cauchy sequence for 
every g E Li. Consider now an arbitrary G E L,*. According to A. C. ZAANEN 
([9], paragraph 70, Th. 2) G has an unique decomposition G=Gr +Gz such 
that Gr is an integral (i.e. Q E Li) and G2 a singular functional (i.e. 
Ga E Lrs in Zaanen’s notation). But since 
Li={f~&: (f,G2)=0 for all G~EL~.~}=(L~,J~, 
we have (f, Ga> = 0 for every f E S C Li and so 
(kn, G> = (fin, Gl) for every G E L,*. 
This implies that {fin} is weak a Cauchy subsequence of {fn}. 
Theorem 3.7, together with lemma 3.8, yield the main result. 
THEOREM 3.9. Let T : L,, --f L,, be a continuous linear integral operator 
with kernel T(x, y). Suppose that (Tf : @2(f) < l} is a set of uniformly absolutely 
continuous norm and that T,(y) E Lpi for almost every x E X. Then T is 
strictly singular. By T,(y) we denote T(x, y) for x fixed and y variable. 
PROOF. To apply theorem 3.7 we first prove that T is nearly weakly 
compact. Suppose, therefore, that T has a bounded inverse on a closed 
subspace M of Lee, and let (fn} be a norm bounded sequence in M, i.e., 
ez(fn)9Nforn=1, 2,.... Since {Tf : e2(f) Q l} is a set of uniformly absolutely 
continuous norm, we have that {Tf : ez(f) <IV) is also a set of uniformly 
abaolutely continuous norm. According to [3] (Th. 2.3) the set 
{Tf : ez(f) <N} is conditionally a(L,,, L,;) sequentially compact and hence, 
by lemma 3.8, the sequence {Tfn} contains a weak Cauchy subsequence 
{Tfla}. By assumption T has a bounded inverse on M, so that {fin} is a 
weak Cauchy subsequence of {f%> in M. This shows that M is almost 
reflexive, and so T is nearly weakly compact. Finally we prove that T 
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maps weakly convergent sequences onto norm convergent sequences. 
Let {fn) be a sequence in LQ2 which converges weakly to an element f0 E LQ2. 
Then the sequence is norm bounded, i.e., ~a(/~) Q K for n = 1, 2, . . . , and 
hence {Tf%: n= 1, 2, ,..I is a set of uniformly absolutely continuous norm. 
By assumption T,(y) E Le6 C L& for almost every x E X, and hence we 
have for these x that 
(fm T&d) = SY T@> Y/) f&d &42 -+ SY T(x, Y) f&d 4m 
i.e., Tf,Jx) converges pointwise ,ui-almost everywhere on X to Tf,(x). 
According to [3] (Th. 4.1) the sequence {Tf%} converges in norm to Tf,,. 
This completes the proof. 
We recall that the (~1 x pa)-measurable function T(x, y) on X x Y is 
said to be of finite double norm whenever T(x, y) EL& regarded as a 
function of y, for almost every x E X, and in addition &,(T,(y)) EL,,. 
(See [2] p. 34). 
COROLLARY 3.10. Let T : L, + LPI be a linear integral operator with 
kernel T(x, y). If T is of finite double norm and &(Tz(y)) EL,:, then T is 
strictly singular. 
PROOF. The result follows from theorem 3.9 by noting that, in this 
case, the set {Tf: es(f)< l> is of uniformly absolutely continuous norm 
and that T,(y) E L,; for almost every x E X. 
We note that there exist linear integral operators of finite double norm 
which are strictly singular but not compact. For instance, every integral 
operator of finite double norm from LI into LI is strictly singular according 
to the corollary. There exist, however, examples of such operators which 
are not compact (see [lo], p. 322). In ([l], p. 90) there is another example 
of a continuous linear integral operator, satisfying the conditions of 
theorem 3.9, which is strictly singular but not compact. 
Finally we clarify the relationship between the concepts of almost 
reflexive spaces, nearly weakly compact operators and o(L,, Li) compact 
operators. We have noted before that if V or TV is almost reflexive then 
every continuous linear operator T: V + W is nearly weakly compact. 
This is analogous to the well known fact that if V or W is reflexive and 
T: V --f W is a continuous linear operator then T is weakly compact. 
We prove another analogue by replacing reflexiveness by almost reflexi- 
veness and weak compactness by the weaker concept of o(L,, L,‘) com- 
pactness. 
DEFINITION 3.11. A continuous linear operator T : W + L, is said to 
be a(L,, Li) compact whenever T maps the closed unit ball of W into a 
conditionally a(L,, Li) sequentially compact subset of L,. 
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THEOREM 3.12. Let T : W -+ L, be a continuous linear operator. If W 
or L, is almost reflexive, then T is o(L,, Li) compact. 
PROOF. Assuming that L, is almost reflexive, let S be the closed unit 
ball in W. Since TS is norm bounded, every sequence {TfR} in TS contains 
a weak Cauchy subsequence. This subsequence is however a a(L,, Li) 
Cauchy subsequence and, since L, is a(Lp, Li) sequentially complete [7], 
the subsequence converges in the a(L,, LJ topology. This implies that T 
is a(L,, L’,) compact. If we assume that W is almost reflexive we have 
that T maps every norm bounded sequence in W onto a norm bounded 
sequence which contains a weak Cauchy subsequence. The remaining part 
follows as before. 
Finally we have the following theorem. 
THEOREM 3.13. Let T: W + L, be a o(L,, Li) compact operator with 
the range R(T) satisfying R(T) C Li. Then T is nearly weakly compact. 
PROOF. Let T have a bounded inverse on a closed subspace M of W, 
and let {fn) be a norm bounded sequence in M, i.e. l]fn[] Q K for n = 1, 2, . . . . 
Since T is o(L,, Li) compact, the set {Tf : ]lfn]l<K} is conditionally 
o(L,, Li) sequentially compact. As in the proof of theorem 3.9, it follows 
that H is almost reflexive and so T is nearly weakly compact. 
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